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HOFEIM
The 8th International Workshop on High-Order Finite Element and Isogeometric
Methods (HOFEIM-2019) will be held in Pavia, Italy, from May 28 to May 31, 2019.
In the last decades p-, hp-FEMs and Isogeometric Analysis (based on splines,
NURBS, and extensions) witnessed a rapid growth in their use for numerical simulation in many relevant areas, such as computational mechanics, fluid dynamics,
electromagnetism and waves propagation. HOFEIM-2019 will be dedicated to the
recent developments of these methods, bringing together researchers with interests
in their mathematical foundations as well as in their applicability to engineering
practice. The aim of the workshop is twofold: to update experienced researchers in
the area, as well as to form young researchers interested in using these techniques
in their research activities.

Organizers
Chairmen
• Alexander Düster, Hamburg University of Technology.
• Ernst Rank, Technische Universität München.
• Alessandro Reali, Università degli studi di Pavia.
• Giancarlo Sangalli, Università degli studi di Pavia.
• Zohar Yosibash, Tel Aviv University.
Local organizers
• Lorenzo Tamellini, CNR-IMATI (webmaster & head of the local organizing
committee)
• Michal Bosy, Università degli studi di Pavia.
• Massimiliano Carraturo, Università degli studi di Pavia.
• Davide D’Angella, Technische Universität München.
• Gabriele Loli, Università degli studi di Pavia.
• Guillermo Lorenzo, Università degli studi di Pavia.
• Massimiliano Martinelli, CNR-IMATI.
• Andrea Moiola, Università degli studi di Pavia.
• Monica Montardini, Università degli studi di Pavia.
• Simone Morganti, Università degli studi di Pavia.
• Alessia Patton, Università degli studi di Pavia.
• Mattia Tani, CNR-IMATI.
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Scientific committee
• Ivo Babuška, The University of Texas at Austin.
• Yuri Bazilevs, Brown University.
• Alexey Chernov, Universität Oldenburg.
• Leszek Demkowicz, The University of Texas at Austin.
• Alexander Düster, Hamburg University of Technology.
• Stefan Kollmannsberger, Technische Universität München.
• Thomas J.R. Hughes, The University of Texas at Austin.
• Ernst Rank, Technische Universität München.
• Alessandro Reali, Università degli studi di Pavia.
• Giancarlo Sangalli, Università degli studi di Pavia.
• Barna Szabo, Washington University in St. Louis.
• Zohar Yosibash, Tel Aviv University.

Contacts
For any questions, contact the organizers at hofeim@unipv.it

Sponsors
• Università degli studi di Pavia.
• Dipartimento di Matematica “F. Casorati”, Università degli studi di Pavia.
• Dipartimento di Ingegneria Civile e Architettura, Università degli studi di
Pavia.
• CNR-IMATI.
• INDAM-GNCS - grant “Organizzazione di Scuole, Workshops e cicli di Seminari GNCS Gennaio 2019 - Dicembre 2019”.
• MIUR “Dipartimenti di Eccellenza Program (2018-2022) - Dept. of Mathematics, University of Pavia”.
• ERC FP7 Ideas Consolidator Grant - HIGEOM n.616563.
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The registration is on Tuesday 28th from 12:30 to 14:30 in “Foscolo” room.
The workshop will be hosted in the rooms “Foscolo” (talks), “Disegno” and “Forlanini” (posters and welcome event), in the historical building of the University
of Pavia, located in Corso Strada Nuova, 65.
The map below shows the location of rooms “Foscolo”, “Forlanini” and “Disegno”
within the campus. Use the main gates ( “Entrata Principale”) on Corso Strada
Nuova.
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The dinner of Wednesday 29th will take place at Vita Restaurant & Cafè,
Corso Mazzini 10. The map below shows the path to go from Aula Foscolo to Vita
Restaurant & Cafè.

The social dinner of Thursday 30th will take place at Ristorante Bardelli,
Lungo Ticino Visconti, 2. The map below shows the path to go from Aula Foscolo
to Ristorante Bardelli.
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Tuesday 28th
Isogeometric methods on V-reps: results and challenges
A. Buffaa
a

Institute of Mathematics, École Polytechnique Fédérale de Lausanne.

Inspired by the introduction of Volumetric Modeling via volumetric representations (V-reps) by Massarwi and Elber in 2016, we present a novel approach for the
construction of numerical methods for PDEs on such geometric models that does
not require any global re-parametrisation, i.e., without global meshing involved.
We discuss minimal stabilisation approaches and we show that our methodologies
preserves the high order approximation properties of splines. Our approach can
easily be used in conjunction with adaptive hierarchical methods and we show some
interesting examples for hierarchical trimmed thin structures.
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A Contact Algorithm for Voxel-based Meshes using Implicit
Boundary Representations
B. Simeona , A. Leichnerb and H. Andräb
a TU
b Fraunhofer

Kaiserslautern.
ITWM Kaiserslautern.

Voxel-based representations of computational domains are of increasing importance and arise in particular when computed tomography is used to scan microstructures, e.g., in compound materials. The corresponding cartesian meshes are a perfect
platform for fast numerical methods but suffer from the drawback that smooth surfaces are approximated very poorly. This issue becomes particularly apparent in
contact mechanics when two or more objects share common boundaries with staircase boundaries. We introduce a novel approach based on the Level Set Method to
create smooth intermediate surfaces between such objects , and we use the surface
also to define an unbiased contact interface, thus overcoming the typical problems
of master-slave formulations. In combination with a Nitsche-type approach and a
special handling of cut voxels, we obtain a powerful algorithm that can handle complex contact problems with multiple objects. Computational examples illustrate the
approach.

13

HOFEIM 2019

Pavia, 28-31 May 2019

CT-based Autonomous FEs (AFE) - a leap to clinical
practice
Z. Yosibasha
a

Head - Computational Mechanics & Experimental Biomechanics Lab, School of
Mechanical Engineering, Faculty of Engineering, Tel Aviv University, Israel & Founder
and CTO - PerSimiO Ltd, Beer-Sheva, Israel.

joint work with K. Myers, I. Yacoby, X. Guo, N. Trabelsi, G. Book.
FEA of human organs, as bones for example, may have a tremendous impact in clinical practice should they be easily accessible by MDs. Recent scientific advancements,
as low dose CT scans, machine learning, and high order FEA allows the creation of a
fully autonomous streamline from a CT-scan to a verified and validated FE analysis
of bones. The streamline includes automatic segmentation of femurs from CT-scans
by CNN, automatic mesh generation and application of boundary conditions based
on anatomical points, a p-FE analysis with error control, and determination of risk
of bone fracture.
This talk describes the novel AFE for patient-specific analysis of bone strength
[1] for patients with tumors to their femurs [2]. It will address our experience in
bringing the AFE into clinical practice. A specific application will be described âĂŞ
determining patients at need of a prophylactic surgery of femurs with metastatic
tumors [3]. Several real clinical cases will be presented. To the best of our knowledge
this is the first AFE application in clinical practice with CE accreditation being used
in a large medical center by MDs.

References
[1] N. Trabelsi et al. Patient-specific finite element analysis of the human femur - a
double-blinded biomechanical validation, J. Biomech., 44:1666-1672, 2011.
[2] Z. Yosibash, et al. Predicting the stiffness and strength of human femurs with
realistic metastatic tumors, Bone, 69:180-190, 2014.
[3] A. Sternheim et al., Pathological fracture risk assessment in patients with femoral
metastases using CT-based finite element methods. A retrospective clinical study,
Bone, 110:215-220, 2018.
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Adaptive hp-type finite element methods for eigenvalue
computations
C. Canutoa
a

Dipartimento di Scienze Matematiche “G. L. Lagrange”, Politecnico di Torino.

Building on a recently proposed framework for the study of hp-adaptive discretizations of elliptic boundary-value problems with given forcing term, we investigate the hp-adaptive approximation of eigenvalue problems.
We design an iterative procedure for computing a selected eigenvalue and its
eigenspace, which at each step generates a near-optimal hp-mesh for the current
level of accuracy; such mesh is then sufficiently refined to produce a new, enhanced
approximation of the eigenspace. We identify conditions on the initial mesh and the
operator coefficients under which the procedure yields approximations that converge
at a geometric rate independent of any discretization parameter, while growing the
number of degrees of freedom in a way comparable to the optimal number for the
attained accuracy.
The error reduction is based on a Doerfler-type marking, which uses a computable
p-robust equilibrated-flux estimator. For such estimator, we establish a saturation
result which implies a contraction property for the eigenfunction error in the energy
norm.
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Analytic regularity and exponential convergence of hp
approximations: applications to quantum chemistry and
fluid dynamics
C. Marcatia , C. Schwaba and Y. Maday

b

a

b

Seminar for Applied Mathematics, ETH Zürich.
Laboratoire Jacques-Louis Lions, Sorbonne Université, Paris

Many problems in physics, chemistry, and engineering can be described by models whose solution is not regular in a classical Sobolev sense. This is the case, for
example, of the computation of electronic wave functions in quantum chemistry —
where the Coulomb interaction between charged particles gives rise to cusps in the
solution— and of elliptic equations in domains with corners, which exhibit the same
kind of singularity. We often can, nonetheless, show that these functions belong
to a class of analytic-type weighted Sobolev spaces, with isolated point singularities.
For this class of problems, graded hp finite element methods provide exponentially
convergent numerical solutions.
In this talk, we discuss how to obtain weighted analytic estimates on the solutions of Schrödinger-type linear and nonlinear elliptic eigenvalue and of the stationary Navier-Stokes equations in polygonal domains. We also give an overview of
discontinuous Galerkin graded hp methods in the context of eigenvalue problems,
and establish a priori estimates on their convergence. Finally, we show the results
of some numerical tests, to confirm the theoretical results and to give further insight
over the practical behaviour of the approximation.
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hp-finite elements for elliptic optimal control problems with
control constraints
A. Schroedera
a

Department of Mathematics, Universität Salzburg.

The talk introduces hp-finite elements for the discretization of an elliptic control
problem with control constraints. The control problem is formulated as a three
field problem and consists of two variational equations for the state and the co-state
variables as well as of a variational inequality for the control variable. The adjoint
control is associated with the residual of the variational inequality but does not
appear in the weak formulation. Each of the three variables may be discretized
independently by hp-finite elements. In particular, the non-penetration condition of
the control variable is relaxed to a finite set of quadrature points.
Sufficient conditions for the unique existence of the discrete solution are discussed. Furthermore, a priori error estimates are presented, which are stated in
terms of the mesh size as well as of the polynomial degree. The talk also presents
a posteriori error estimates, which enable hp-adaptive mesh refinements. Several
numerical experiments demonstrate the applicability of the discretization with hpfinite elements, the efficiency of the a posteriori error estimates and the application
of hp-adaptivity.
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Wednesday 29th
Adaptive hp Virtual Elements
L. Beirão da Veigaa
a

Dipartimento di Matematica e Applicazioni, Università di Milano-Bicocca.

The Virtual Element Method (VEM), is a very recent technology introduced
in [1] for the discretization of partial differential equations, that has shared a good
success in recent years. The VEM can be interpreted as a generalization of the Finite
Element Method that allows to use general polygonal and polyhedral meshes, still
keeping the same coding complexity and allowing for arbitrary degree of accuracy.
The Virtual Element Method makes use of local functions that are not necessarily
polynomials and are defined in an implicit way. Nevertheless, by a wise choice of the
degrees of freedom and introducing a novel construction of the associated stiffness
matrixes, the VEM avoids the explicit integration of such shape functions.
In addition to the possibility to handle general polytopal meshes, the flexibility of the above construction allows to easily build elements with a local variable
polynomial degree, still keeping the solution conformity [2,3]. In the present talk,
after a brief introduction to hp Virtual Elements, we propose a residual based error
estimator and an associated reliability/efficiency analysis that is explicit in h and p.
Afterwards we validate also numerically the proposed estimator through comparison
with the exact error on some test cases. Finally, we combine the estimator with a
classical hp adaptive strategy borrowed from FEM [4] and numerically investigate
the performance of the ensuing hp-adaptive VEM. The subject of the present talk
is in collaboration with G. Manzini and L. Mascotto.
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The Virtual Element Method (VEM) is a recent technology for the approximation
of partial differential equation problems. Introduced in 2012 by Beirao at al., VEM
shares the same variational background of the Finite Element Method (FEM). The
initial motivation of VEM is the need to construct an accurate conforming Galerkin
scheme with the capability to deal with highly general polygonal/polyhedral meshes,
including ”hanging nodes” and non-convex shapes. In the framework of 2D elasticity problems, we first present a family of Virtual Element schemes based on the
Hellinger-Reissner variational principle. As it is well-known, imposing both the symmetry of the stress tensor and the continuity of the tractions at the inter-element is
typically a great source of troubles in the framework of classical Galerkin schemes,
and in particular for FEM. We exploit the great flexibility of VEM to present alternative methods, which provide symmetric stresses, continuous tractions and are
reasonably cheap with respect to the delivered accuracy. VEMs reach this goal by
abandoning the local polynomial approximation concept, a feature originally used
to design conforming Galerkin schemes on general polytopal meshes. In this talk,
we detail the ideas which led to the design of our schemes, we state the theoretical
results, and we present several numerical tests to assess the actual computational
performance of the our approach.
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daptivity, be it h or hp, requires refinement of the meshes. Depending on the
solution strategy the meshes or triangulations can be conforming or they may include
so-called hanging nodes. In the latter case, if one wants to preserve a continuous
formulation, special care has to be taken to ensure that the expected performance
of the method is realised.
In this talk we build on the work of Weisser [1] and Ovall [2], and advocate a
new family of higher-order harmonic shape functions. Consider a quadrilateral with
one hanging node on one of the edges. The nodal shape functions, all five of them,
are taken to be the harmonic extensions of the restrictions of the corresponding
hat functions into the interior of the quadrilateral. In other words, every shape
function is a solution of a Poisson problem driven by a Dirichlet boundary. It
follows automatically that this set of shape functions is a partition of unity over the
quadrilateral. Assuming that the underlying Poisson problems can be solved up to
some desired tolerance, it is clear that the construction is valid for arbitrary number
of hanging nodes on arbitrary number of edges, and independent of the type of the
element, here either a quadrilateral or a triangle. For a higher order method, the
generalisation is simply to compute the harmonic extensions of the required edge
modes and complete the basis with suitable interior (bubble) modes.
The fundamental idea is to employ the reference element concept. The required
extension modes are computed a priori once (or as needed, of course). Curved
elements are implemented using standard blending function mappings.
As the application we discuss new developments on numerical conformal mappings, including multiply connected domains. Associated with conformal mappings
there exists a necessary condition that can be used as an error indicator. The
performance of the new proposed approach is compared with a highly optimised
hp-solver.
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One of the distinguishing features of Isogeometric Analysis (IGA) is the possibility of using high- degree high-regularity splines (the so-called k-refinement) as
they deliver higher accuracy per degree-of-freedom in comparison to C 0 finite elements. Unfortunately, if the implementation is done following the approaches that
are standard in the context of C 0 finite elements, the computational cost increases
dramatically with the spline degree p. This is true both for the formation of the linear system and for its numerical solution. As a consequence, the use of k-refinement
is often unfeasible for practical problems, where quadratic or cubic splines are typically preferred.
In the recent years, a number of approaches have been proposed in the context
of elliptic problems in which the computational cost for assembling and solving the
linear systems scales favorably with p, paving the way for efficient high-order IGA
discretizations. These approaches are based on both new and old ideas, and they
include the use of weighted quadrature [1], the Fast Diagonalization preconditioner
[2], combined in a matrix-free implementation [3].
In view of these results, we are motivated to consider space-time discretization
of parabolic problems, where high-degree splines are used both in time and in space.
We present a least-squares formulation of the heat equation [4], which on the one
hand allows a generalization of the algorithms mentioned above, and on the other
it yields potential for parallelization in time.
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Multigrid solvers for Isogeometric Analysis - numerical
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Isogeometric Analysis is a spline-based discretization for partial differential equations (PDEs) which allows to archive convergence rates of a high-order discretization
for costs (in terms of the number of unknowns) of a low-order method. Since we
can choose the spline degree and the smoothness arbitrarily, we can directly solve
for high-order PDEs (like the biharmonic problem). The spline-based discretization is first constructed on some simple parameter domain, like the unit square
and then mapped to the domain of interest using a global geometry parameterization. More complicated domains are typically decomposed into subdomains, usually
called patches, where each of them is parameterized separately. The patches can be
coupled in a strong sense or using discontinuous Galerkin approaches. The latter allows non-matching discretizations on the interfaces and extends easier to high-order
PDEs. The focus of the talk is set on the solution of the resulting systems with
multigrid solvers. In principle, standard Jacobi or Gauss-Seidel smoothers can be
applied also in the framework of isogeometric analysis, however their convergence
behavior deteriorates significantly if the spline degree is increased. So, we introduce
alternative approaches and compare them with the standard Jacobi or Gauss-Seidel
smoothers and discuss their advantages and disadvantages. We will see numerous
numerical experiments and discuss what can be explained by the convergence theory.
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Error estimates for approximation using high-order splines
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Splines are piecewise polynomial functions that are glued together in a certain
smooth way. When using them in an approximation method, the availability of
sharp error estimates is of utmost importance. Classical error estimates in Sobolev
(semi-)norms for spline approximation are expressed in terms of
(a) a certain power of the maximal grid spacing, the so-called approximation power,
(b) an appropriate derivative of the function to be approximated, and
(c) a constant which is independent of the previous quantities but usually depends
on the spline degree.
An explicit expression of such constant is not always available in the literature,
because it is a minor issue in the most standard approximation analysis; the latter
is mainly interested in the approximation power of spline spaces of a given degree.
These estimates are perfectly suited to study approximation under h-refinement,
i.e., refining the mesh. On the other hand, one of the most interesting features in
isogeometric analysis is k-refinement, i.e., degree elevation with increasing interelement smoothness. The above mentioned error estimates are not sufficient to explain
the benefits of approximation under k-refinement as long as it is not well understood
how the degree of the spline affects the whole estimate, including the constant in
(c).
In this talk we focus on a priori error estimates with explicit constants for approximation by spline functions defined on arbitrary knot sequences and maximal
smoothness [1]. These a priori estimates are actually good enough to cover convergence to eigenfunctions of classical differential operators under k-refinement.
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This presentation is focused on Isogeometric Analysis (IGA) and RKPM Meshfree
method with applications to extreme-events simulation. A novel framework for airblast-structure interaction (ABSI) based on an immersed approach coupling IGA
and RKPM is presented and verified on a set of challenging examples. Several
numerical challenges exist for carrying out the aforementioned simulations, and these
are addressed in the present work. The challenges include shock capturing in both
the fluid and solid parts of the problem, and addressing near incompressibility, which
is important in the presence of plastic deformations. Extension of the proposed ABSI
framework to handle energetic materials is also presented.
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The constant growth in the interest for industrial use of isogeometric analysis (IGA)
has been driven in the past decade by the development of novel technologies and
modeling techniques, aimed at increasing the efficiency and applicability of the
design-to-analysis paradigm. The creation of robust interfaces, that ease the conversion of geometrical information into an analysis model, is also considered of primary
importance for the development of an isogeometric analysis software.
An area of great interest is the application of IGA for structural analysis. The
higher-order continuity of the underlying isogeometric discretization is particularly
interesting for the simulation of thin-walled components. These structures are typically represented in CAD software by means of smooth bivariate spline-based approximations, e.g., (non-uniform rational) B-splines surfaces. For this purpose, LSDYNA includes isogeometric shell elements based on the thin Kirchhoff-Love formulation, as well as shell elements based on the shear-deformable Reissner-Mindlin
theory. Isogeometric solid elements are also implemented in order to allow for a better representation of the three-dimensional stress distribution in complex structural
components.
In this talk we present some of the recent developments in LS-DYNA aimed
at extending the capabilities of isogeometric structural analysis. The applicability
of these technical developments is illustrated through selected examples primarily
focused on the use of isogeometric shells.
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Isogeometric Analysis for Compressible Flows in Complex
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In this talk, we describe our IGA framework for the numerical analysis of rotary positive displacement pumps and, in particular, twin-screw compressors. Our
approach is based on the overall philosophy that an efficient simulation and, at a
later stage, optimization requires the co-design of all components involved in the
pipeline, that is, the geometry model and the simulation tools. We present a fully
automated algorithm for generating time sequences of analysis-suitable multi-patch
parameterizations of counterrotating twin-screw rotor profiles that do not involve
topology changes over time and fully exploit the computational potential of modern high-performance computing platforms. The algorithm is based on elliptic grid
generation principles and adopts a mixed variational formulation that makes it possible to handle multi-patch parameterizations and parameterizations with C 0 spline
basis functions directly. The second part of the talk describes our isogeometric flow
solver which, following our co-design philosophy, makes use of auto-generated compute kernels to achieve optimal computational efficiency for each individual patch.
The convective term of the Galerkin discretization is stabilized by flux-correction
techniques that have been generalized to high-order B-splines in order to suppress
the generation of unphysical oscillations in the vicinity of shocks and discontinuities.
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Recent Advances in solution methods for high-order
CutFEM and CutIGA
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Immersed-boundary methods have experienced a renaissance in the context of highorder and isogeometric approximations. Immersed methods provide geometric versatility and can significantly facilitate workflows for complex non-engineered geometries, e.g. scan-based geometric data. However, immersed methods generally suffer
from instabilities in the vicinity of small cut elements. While for traditional (linear)
finite-element approximations such instabilities can generally be effectively bypassed
by means of ad-hoc approaches, e.g. element removal, such ad-hoc approaches are
generally unsuitable for high-order methods, as these approaches will compromise
optimal convergence rates or may not resolve the fundamental mechanisms underlying the instability.
In a recent contribution by De Prenter et al. [1] the two main sources of instability for higher-order CutFEM have been identified, viz. instability of the cut
basis and potential near linear dependence of the higher-order basis functions on cut
elements. The former is well known from traditional linear finite elements, but manifests itself more strongly for higher-order approximations. The latter is essentially
specific to high-order approximations.
Various methodologies have emerged to treat degeneracies in CutFEM and CutIGA,
viz. element aggregation, ghost-penalty techniques [2,3] and preconditioning. Based
on the the analysis in [1], a Schwarz preconditioner was proposed in [4]. The Schwarz
preconditioner assigns a block to each trimmed element, collecting all the basis functions that are supported on that element. Accordingly, near linear dependences and
ill-conditioning of the basis are implicitly treated. The Schwarz preconditioner extends to mixed problems, by applying the block-selection strategy to (an appropriate
approximation of) the Schur complement [4]. Moreover, we recently established that
the Schwarz preconditioner can be augmented by a coarse-grid correction in a multigrid strategy to provide a robust and efficient multigrid procedure for high-order
immersed CutFEM and CutIGA [5].
In this presentation we will provide an overview of these recent developments on
solution strategies for high-order CutFEM and CutIGA.
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PDE models are standard tools for solving engineering problems. However, the
parameters of PDEs, for example, the coefficients, forcing terms, boundary and
initial conditions are usually not known exactly, and thus could be treated as random
variables (or random fields).
Uncertainty quantification (UQ) includes estimating how the randomness of
these input parameters affects the solution of the PDE or a functional thereof.
UQ techniques often rely on repeatedly solving the PDE for different values of the
input parameters, which tends to require a substantial computational effort. To reduce such effort multi-level and multi-index methods have recently been proposed.
Multilevel methods are based on differences of numerical approximations at different refinement levels controlled by a refinement parameter (for instance the mesh
element size, or the number of quadrature points). Multi-index methods are highdimensional versions of the multilevel technique in the case when multiple refinement
parameters are controlling the approximation. These methods are ”black-box” techniques in the sense that they allow reuse of legacy PDE solvers, and are suitable for
parallelization.
In this talk, we describe Multi-index Stochastic Collocation (MISC), which is
closely related to the established sparse-grids stochastic collocation method for the
numerical approximation of the solution of PDEs with random data. We extend the
standard MISC by using isogeometric analysis (IGA) solvers to enable solutions of
UQ problems on complex geometries. In particular, IGA solvers are suitable in the
MISC methodology since they have an intrinsic tensor structure.
We show the computational efficiency of the proposed IGA-based MISC that
approximates expectations of quantities of interests depending on the solution of
elliptic PDEs. Numerical results show MISC is performing better than alternative
approaches such as multilevel Monte Carlo and multi-index Monte Carlo.
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One of the features pertaining to isogeometric analysis (IGA) is its high regularity
across mesh elements. This feature makes IGA more accurate and with improved
spectrum properties when compared to finite element analysis for the same degrees
of freedom. However, this same feature increases the density of the resulting matrices and requires more elaborate numerical integration schemes for their computation. Another feature of IGA is the augmented continuity of the shape functions
which result to matrices with increased bandwidth and overlapping, raising the
computational cost associated with their manipulation (e.g.: sparse matrix-vector
products, factorization, etc.). As a result, both matrix assembly and aforementioned manipulations are a computationally demanding task in IGA, necessitating
the usage of improved algorithms when considering real-world problems and applications. In this work, the computationally demanding task of matrix assembly using
both the standard element-wise Gaussian quadrature and the collocation method
are addressed where corresponding novel approaches are proposed exhibiting several computational merits, among them, their amenability to parallelization and
the efficient utilization of graphics processing units (GPU) to drastically accelerate
computations. Having parallel computing environments in mind, an efficient, scalable and load balanced solution algorithm is also proposed, featuring the merits of
both the preconditioned conjugate gradient (PCG) algorithm and domain decomposition methods (DDM) by introducing a preconditioner based on the isogeometric
tearing and interconnecting (IETI) solution method. The proposed preconditioner
circumvents the dependency between domain subdivisions and patches that IETI
imposes, decoupling load balancing and scalability properties from the model geometry. Numerical examples demonstrate the efficiency of the proposed methods when
compared to existing matrix assembly schemes and domain decomposition methods, minimizing the computational cost for solving demanding problems with IGA
and thus, widening its application to the solution of large-scale real life problems.
Finally, a computational resource comparison between the standard element-wise
Gaussian quadrature and the collocation method for matrix assembly will be attempted when solving an IGA problem using the best performing methods for both
assembly and solution.
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The finite element discretisation of a large class of boundary value problems requires
highly refined meshes to appropriately resolve, e.g. singularities in contact problems,
shear bands in elasto-plasticity or steep local gradients in the field variables of phasefield models. If these domains evolve during the simulation, adaptive local mesh
refinement and coarsening are essential for efficient computations.
As Isogeometric Analysis (IGA) introduced by Hughes et al. [1] overcomes the
disjunction between geometry and computational models it is the ideal discretisation technique to be combined with adaptive mesh refinement because already the
coarsest mesh provides an exact geometry representation which is preserved during
refinement. Tedious interactions with an underlying geometry during re-meshing,
which is required to increase the accuracy of the geometry representation in standard
FEM, are avoided.
We present projection methods and transfer operations required for adaptive
mesh refinement/coarsening in problems with internal variables at integration point
level.
By extending the results of Hennig et al. [2], we propose three different local
and semi-local least squares projection methods for field variables and compare
them to the standard global version. We discuss the application of two different
transfer operators for internal variables. An alternative new operator inspired by
superconvergent patch recovery [3] is also proposed.
The presented projection methods and transfer operations are tested in benchmark problems and applied to phase-field modelling of spinodal decomposition and
brittle and ductile fracture.
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joint work with S. Sauter.
We consider the time-harmonic Maxwell equation in homogeneous media at large
wavenumbers k discretized by high order edge elements. For a model problem, we
show that quasi-optimality is achieved if (a) the approximation order p is selected
as p = O(log k) in conjunction with (b) a mesh size h such that kh/p is small. As
in the related case of the Helmholtz equation, the analysis relies on a k-explicit
regularity theory for Maxwell’s equations that decomposes solutions into two components: the first component is an analytic, but highly oscillatory function while
the second one has finite regularity but features wavenumber-independent bounds.
An issue particular to Maxwell’s equations that is not present in the case of the
Helmholtz equations is the problem of approximating discrete divergence-free functions by divergence-free ones. In the present hp-version context, this is possible
at the optimal rate due to a suitable projection-based interpolation operator that
enjoys the commuting diagram property.
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The work focuses on the development of fast and efficient solution schemes for
the simulation of challenging problems in wave propagation phenomena. In particular, emphasis is given in high frequency acoustic and electromagnetic problems
which are characterized by localized solutions in problems like ultrasonic testing,
laser scanning and modeling of optical laser amplifiers. In wave simulations, the
computational cost of any numerical method, is directly related to the frequency.
In the high-frequency regime very fine meshes have to be used in order to satisfy the Nyquist criterion and overcome the pollution effect. This often leads to
prohibitively expensive problems. Numerical methods based on standard Galerkin
discretizations, lack of pre-asymptotic discrete stability and therefore adaptive mesh
refinement strategies are usually inefficient. Additionally, the indefinite nature of the
wave operator makes state of the art preconditioning techniques, such as multigrid,
unreliable.
A promising alternative approach is followed within the framework of the discontinuous Petrov-Galerkin (DPG) method. The DPG method offers numerous
advantages for our problems of interest: mesh and frequency independent discrete
stability even in the pre-asymptotic region, and a built-in local error indicator that
can be used to drive adaptive refinements. Combining these two properties together,
reliable adaptive refinement strategies are possible which can be initiated from very
coarse meshes. The DPG method can be viewed as a minimum residual method,
and therefore it always delivers symmetric (Hermitian) positive definite stiffness matrix. This is a desirable advantage when it comes to the design of iterative solution
algorithms. Conjugate Gradient based solvers can be employed which can be accelerated by domain decomposition (one- or multi- level) preconditioners for symmetric
positive definite systems.
Driven by the aforementioned properties of the DPG method, an adaptive multigrid preconditioning technology is developed that is applicable for a wide range of
boundary value problems. Unlike standard multigrid techniques, our preconditioner
involves trace spaces defined on the mesh skeleton, and it is suitable for adaptive
hp-meshes. Integration of the iterative solver within the DPG adaptive procedure
turns out to be crucial in the simulation of high frequency wave problems. A collection of numerical experiments for the solution of linear acoustics and Maxwell
equations demonstrate the efficiency of this technology, where under certain circumstances uniform convergence with respect to the mesh size, the polynomial order and
the frequency can be achieved. The construction is complemented with theoretical
estimates for the condition number in the one-level setting.
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Hybrid High-Order methods have been recently introduced in [1]. The unknowns
are attached to the cells and faces of the mesh. The cell unknowns can be eliminated locally leading to a global problem coupling the face unknowns only. HHO
methods lead to a local conservation principle, are robust in many situations, and
are computationally effective. HHO methods are closely related to HDG methods
as shown in [2]. The main difference resides in the stabilization term which allows
in a straightforward manner for energy error estimates of order k+1 on polyhedral
meshes including hanging nodes.
More recently, this method has been adapted to solve an elliptic interface problem
on unfitted meshes [3]. The interface can cut the background mesh in a quite general
fashion. Robustness with respect to cuts is achieved by a local cell-agglomeration
procedure [3] taking full advantage of the fact that HHO methods support polyhedral
meshes.
In the present work, we want to extend those results to indefinite problems, for
which the stability analysis is more delicate than for the standard coercive elliptic problem. We consider Stokes and Helmholtz problems. We investigate error
estimates and we present numerical simulations.
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A stabilized variational formulation based on Nitsche’s approach for enforcing
surface constraints provides an efficient procedure for embedding kinematic boundary conditions in plate bending models. Work-conjugate pairs weakly enforce kinematic boundary conditions. In earlier work Nitsche’s approach was applied to the
the strong form of the plate problem, leading to a three-parameter scheme. The
current formulation is derived by introducing the plate model into Nitsche’s formulation for elasticity, resulting in a unified scheme with a single parameter, in which
the plate thickness provides geometric scaling of the deflection and rotations. A single element stabilization parameter is determined from a local generalized eigenvalue
problem, guaranteeing coercivity of the discrete bilinear form.
Conventional equal-order elements are susceptible to shear locking in the thin
plate limit. The weak enforcement of kinematic admissibility accommodates an
alternative formulation that is insensitive to shear locking, yet entails higher regularity in the deflection field and couples different kinematic quantities on parts of
the boundary in which rotations are specified. The capabilities and accuracy of the
proposed approach for both formulations of shear-deformable plates is verified by
representative computations with bicubic B-splines.
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A new penalty formulation for patch coupling in
Kirchhoff-Love shell analysis
J. Kiendla , A. J. Herrema b , E. L. Johnson b , D. Proserpio a , M. C.H. Wu
M.-C. Hsu b

b
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Department of Marine Technology, Norwegian University of Science and Technology,
O. Nielsens veg 10, 7052 Trondheim, Norway
Department of Mechanical Engineering, Iowa State University, 2025 Black Engineering,
Ames, IA 50011, USA

Isogeometric analysis (IGA) has been a particularly impactful development in
the realm of Kirchhoff-Love thin-shell analysis because the high-order basis functions
employed naturally satisfy the requirement of C 1 continuity. Still, engineering models of appreciable complexity, such as wind turbine blades, are typically modeled using multiple surface patches and, often, neither rotational continuity nor conforming
discretization can be practically obtained at patch interfaces. A penalty approach
for coupling adjacent patches is therefore presented. The proposed method imposes
both displacement and rotational continuity and is applicable to either smooth or
non-smooth interfaces and either matching or non-matching discretization. The
penalty formulations require only a single, dimensionless penalty coefficient for both
displacement and rotation coupling terms, alleviating the problem-dependent nature of the penalty parameters. Using this coupling methodology, numerous benchmark problems encapsulating a variety of analysis types, geometrical and material
properties, and matching and non-matching interfaces are addressed. The coupling
methodology produces consistently accurate results throughout all tests. Furthermore, the suggested penalty coefficient of 1000 is shown to be effective for the wide
range of problem configurations addressed. Among others, a realistic wind turbine blade model, consisting of 27 patches and 51 coupling interfaces and having a
chordwise- and spanwise-variant composite material definition, is subjected to buckling, vibration, and nonlinear deformation analysis using the proposed approach.
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Avoiding Locking a-priori on Shell Theory Level - State of
Research
B. Oesterlea , S. Biebera , M. Bischoffa and E. Ramma
a

Institute for Structural Mechanics, University of Stuttgart, Pfaffenwaldring 7, 70550
Stuttgart, Germany.

For simplicity, the title of the present contribution only refers to shells as a synonym
for all thin-walled structures like also beams and plates. In order to put the objective of the addressed approach into a proper context let us first make a historical
remark. In the 1960ies, most numerical analyses on plates and shells used classical theories based on Kirchhoff-Love kinematics. The necessary C 1 -continuity for
the trial functions was a major obstacle requiring sophisticated higher order finite
element formulations, at least for the mostly used pure displacement models. It
was apparent that the easiest way avoiding this difficulty was applying a formulation with transverse shear-deformations, i.e. assuming so-called Reissner/Mindlin
kinematics, which only required C 0 -continuity. A landmark in this development
was the degeneration concept of Ahmad in 1970 where he directly derived finite
elements from a continuum utilizing shell like assumptions. From then on, most
people used transverse shear-flexible models but had to cope with the well-known
locking problems, such as transverse shear, membrane and curvature thickness locking. Mathematically speaking, the function spaces for the involved primary variables
are not balanced. Mechanically it shows the inability of representing pure bending
modes in the thin limit, leading to unphysical stiffening of the solution. Innumerable
numerical unlocking schemes, like reduced integration, mixed methods with specific
shape functions for stress or strain, assumed strain methods etc. have been developed over the last decades, but it is not the purpose of the current study discussing
these strategies at length.
The research in the group of the authors, discussed in the present study, started
from a different perspective; it differs from the above-mentioned numerical procedures to remedy locking, which emerges through the discretization. The key idea is
introducing a modified parametrization on the theory level before discretization so
that locking problems are a-priori avoided. Since the characteristic of a locking-free
formulation should be part of the theory also the notion intrinsically locking-free
was used in this context. In addition to this objective, some other conditions should
be satisfied as far as possible, like applying a pure displacement formulation with
equal order interpolation for all primary variables, and in particular important getting high quality stress resultants. The Isogeometric Analysis (IGA) was an essential part in this development. The higher order continuity C p−1 of B-splines and
NURBS functions compared to C 0 Lagrange interpolations facilitates the derivation
of a Kirchhoff-Love model to overcome the C 1 -continuity obstacle even in the low
order range, see the fundamental paper of Kiendl et al. [1]. It should be mentioned
though that membrane locking can still be present in the Kirchhoff-Love model,
whatever discretization scheme is used, even for NURBS. In addition, it has to
be said that the higher continuity property of NURBS improves the finite element
approximation also for higher order models like those with Reissner-Mindlin and
three-dimensional shell kinematics.
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The first key idea was utilizing a hierarchic formulation starting from the KirchhoffLove formulation. This basis model automatically delivers the two rotations of the
director depending on the gradients of the three displacements for the reference
surface. For a 5-parameter transverse shear-flexible formulation only the two shear
angles are defined as additional primary variables; they represent incremental or
hierarchic rotations instead of the total rotations usually introduced for ReissnerMindlin kinematics. Because of this modification the two shear strains are completely decoupled from the displacement field of the reference surface. They automatically vanish in the thin limit and thus no transverse shear locking can occur.
This hierarchic formulation has been independently introduced in [2] using subdivision surfaces and in [3] based on NURBS discretization. It is remarkable that the
concept using incremental rotations was already applied in the derivation of classical
theories for shells including transverse shear deformations decades ago; however it
apparently did not enter the discretization level.
Even if transverse shear locking could be avoided in an elegant manner, for
membrane locking still classical unlocking schemes had to be applied; here either the
Discrete Shear Gap (DSG) method [4] or a hybrid stress based approach, applying
the Hellinger-Reissner (HR) variational principle, were utilized for the membrane
parts only. It turned out that excellent results for displacements as well as most
stress resultants could be observed even in analyses for extremely thin structures.
However, slight oscillations are encountered for the transverse shear stress resultants
because the unbalance in derivatives is now shifted to the curvatures and their
derivatives.
The hierarchic concept could also be extended to three-dimensional shell formulations like the so-called 7-parameter model. Thus, further physical effects, e.g.
thickness changes, could be added in the same hierarchic fashion. This is in particular appealing for model adaptation in different regions within a structure.
In order to remedy the oscillations of the shear forces in a Reissner-Mindlin
model, a second reparametrization of the hierarchic shear rotations utilizes the displacement fractions that depend only on the transverse shear [5]. Thus, this version
introduces hierarchic shear displacements, avoiding not only transverse shear locking, but also leading to a fully balanced parametrization of the kinematic equations
and consequently to excellent transverse shear forces. It is noted that artificial rigid
body (zero energy) modes appear which had to be removed by proper constraints.
To the authorâĂŹs best knowledge, this is the first rotation-free version of shell finite
elements with Reissner-Mindlin kinematics applying a primal, purely displacement
based formulation without referring to a mixed variational principle. A related but
not identical formulation for beams using shear displacements is described in [6].
Ref. [7] describes the extension of both methods with hierarchic rotations as well
as hierarchic displacements into the geometrically non-linear regime. The formulation allows arbitrarily large rotations and displacements but selects an important
subset of all possible cases, namely assuming small shear angles superimposed on
the otherwise unrestricted non-linear response of the Kirchhoff-Love solution. Due
to the additive superposition, the formulation is in particular attractive because it
follows the same hierarchical concepts as in the linear case. An extension to large
shear rotations is in principle possible however is much more complex.
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Since membrane locking is still a crucial challenge for curved structures, the
present contribution addresses a novel variational method [8] as an alternative to
the hierarchic concept, whose application to avoid membrane locking has not yet
succeeded. In addition to the standard formulation, further displacement-like primal variables are introduced, however in the context of a mixed formulation. The
approach was inspired by the Discrete Strain Gap (DSG) method [4]; in fact, the
additional degrees of freedom in this so-called Mixed Displacement (MD) method can
be interpreted as the strain gaps of the DSG method. The method is theoretically
related to the above-mentioned hierarchical displacement formulation. The mathematical construction of the variational form is such that equal-order interpolation
for all involved fields automatically adjusts the function spaces so that all geometrical locking phenomena, including membrane locking, are automatically avoided.
Furthermore, the method is independent of the underlying discretization, no matter
whether standard finite elements, isogeometric finite elements based on NURBS, or
meshless methods are used. A further consequence of the balanced function spaces
in the MD approach is that, similar to the hierarchical displacement formulation,
a coarse mesh accuracy and high quality stresses/stress resultants being free from
oscillations are obtained.
The promising behavior of all described locking-free formulations is demonstrated
by several numerical examples for geometrically linear and nonlinear problems of
thin-walled structures. The introduction of the formulations into other topics in
structural mechanics like materially nonlinear problems, structural dynamics, contact or optimization is straightforward.
The motto of the present study, namely avoiding instead of curing problems, also
suggests that reparametrization might also be beneficial in other cases.
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Isogeometric analysis for singularly perturbed high-order,
two-point boundary value problems of reaction-diffusion
type
C. Xenophontosa
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We consider two-point singularly perturbed boundary value problems of order
2ν ∈ Z+ , and the approximation of their solution using isogeometric analysis. In
particular, we use a Galerkin formulation with B-splines as basis functions, defined
using appropriately chosen knot vectors. We prove robust exponential convergence in
the energy norm, independently of the singular perturbation parameter. Numerical
examples illustrating the theory are also presented.
Keywords: singularly perturbed problem; reaction-diffusion; boundary layers;
isogeometric analysis; robust exponential convergence
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Advanced Numerical Methods in Additive Manufacturing
Applications
F. Auricchioa
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Additive Manufacturing (AM) - also known as 3D printing - is taking off in many
industrial processes. In particular, powder bed fusion for metal manufacturing has
definitively changed the way of prototyping metal parts but also plastic 3D printing
is changing many approaches in modern engineering.
Nowadays, there is an even more increasing demand of reliable and efficient numerical techniques from AM industry. In fact, numerical methods can be effectively
employed both to optimize the 3D printing process parameters (e.g. simulating the
thermo-mechanical process) and to obtain an optimized design for 3D printed structures (e.g. by means of topology optimization procedures). Functionally graded
material design (FGMD) is a specific AM design which allows to produce structures
with continuously varying materials properties. Due to its characteristics, this kind
of design seems to be well suited to be treated using high-order and isogeometric
methods.
After a general introduction to AM technologies and to possible applications,
the presentation will focus on some new approaches to describe the complex physics
occurring during the manufacturing process as well as on optimization problems to
obtaining FGMD structures. The presentation will try to highlight unresolved issues
and open possible research directions.
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Unsteady, Temperature-Dependent, and Non-Newtonian
Simulations in Plastics Processing
S. Elgetia
a

CATS, RWTH Aachen University, Aachen, Germany.

Co-rotating twin-screw extruders are very important processing devices within the
plastic-producing industry. The twin-screw extrusion process allows to carry out
multiple operations at the same time, such as: melting, compounding, blending,
pressurization, and shaping. Furthermore, the modular structure of the extruder
enables to design configurations that are tailored to specific processing goals. However, it is exactly this freedom that makes the handling of twin-screw extruders
so complex. As of today, industrial design of manufacturing machinery is still very
much experience-based. A design engineer will prepare, assess and modify the initial
design until it can withhold the desired quality requirements. Numerical simulation
is an important asset in this process. We present a boundary-conforming space-time
finite element method to compute the flow inside co-rotating, self-wiping twin-screw
extruders. The mesh update is carried out using the newly developed Snapping
Reference Mesh Update Method (SRMUM). It allows to compute time-dependent
flow solutions inside twin-screw extruders equipped with conveying screw elements
without any need for re-meshing and projections of solutions: As such, it is computationally very efficient. With respect to material modeling, we present unsteady,
temperature-dependent, shear-thinning cases in 3D [1]. Furthermore, we will introduce numerical design methods in the field of extrusion.
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From CT-Scans to material characterization: mechanical
behavior of micro-porous metal structures
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Additive manufacturing technology has undergone significant development in the
past years providing unique flexibility for fabrication of complex micro-architectured
components with varying porosity across different scales. However, micro- and
mesostructure of final parts can exhibit significant variations due to the high complexity of the manufacturing process. The material behavior of end products, thus,
is strongly related to the process-induced effects and requires a comprehensive study
to provide a reliable estimate of mechanical characteristics.
The objective of this work is to numerically evaluate material parameters of additively manufactured porous metal structures. As geometrical models for current
research stem from high-resolution 3D images, generation of a conventional Finite
Element mesh is impractical to analyze the structures in the highest detail. Therefore, the high-order Finite Cell Method [1] is utilized to establish an efficient automatized road map of material parameter extraction. Furthermore, two methods,
direct numerical testing of a whole specimen and first-order numerical homogenization [2], [3], are verified against each other. In order to enable the computation of
high-resolution numerical models, a parallel version of the in-house code AdhoC++
is employed on a Cool-MUC Linux cluster, based on Intel Many-Core processors.
Finally, the results are validated with the experimental tensile test performed on
the produced steel examples.
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Adaptive Isogeometric Thermal Analysis for Additive
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Modelling and simulations are playing an increasing role in design for additive manufacturing (AM), since they potentially allow to avoid long and expensive trial and
error procedures which are usually required during design processes. Nevertheless,
developing an accurate yet efficient numerical model to simulate AM processes is an
extremely challenging task and it is still an open and active field of research.
In this contribution we first present a validation of a phase-change heat transfer
model suitable to simulate laser powder bed fusion processes employing multi-level
isogeometric analysis [1]. The proposed model includes anisotropic material conductivity at high-temperature as well as a laser power input model based on experimental measurements [2]. All the presented experimental results have been obtained at
the National Institute of Standards and Technology (Gaithersburg, MD, USA) for
a Nickel-alloy (IN625) bare plate.
Since high order adaptive schemes have shown an improved efficiency in treating
transient problems with localized heat sources, we decided to further investigate this
kind of problem using adaptive isogeometric analysis. We present a recently developed algorithm to obtain suitably graded isogeometric discretization with adaptive
local refinements and coarsening. Numerical results show the effectiveness of a suitably graded THB-splines discretizations in solving heat transfer problems with a
localized moving heat source [3]. In fact, suitably graded IGA meshes allow to obtain a better solution of the temperature field with few adaptivity iterations, leading
to an optimized trade-off between accuracy and computational efficiency.
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The finite cell method for nonlinear structural analysis
including large deformations
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In recent years fictitious domain methods have attracted attention since they do not
require the generation of body-conforming finite element meshes. Therefore, fictitious domain methods are suited for problems with complex geometries. The finite
cell method (FCM) is a combination of the fictitious domain approach with highorder finite elements. Thanks to the use of Cartesian meshes, the pre-processing,
i.e. mesh generation, is significantly simplified. However, due to the fact that the
applied meshes do not conform to the geometry of the problem, special care has to
be taken with respect to the numerical integration of the weak form, the local refinement of the approximation as well as the treatment of boundary conditions. The
talk is intended to give an overview over the finite cell method and its application
to nonlinear structural analysis. Special emphasis will be placed on the numerical
integration of broken cells. Furthermore, we will study the FCM for finite strain
problems including hyperelastic as well as elastoplastic constitutive models. To this
end, we combine different strategies to increase the robustness of the FCM for large
deformations. This includes adaptive quadrature schemes based on moment fitting,
basis function removal as well a new remeshing strategy to cope with strong mesh
deformation. Several examples will be presented to demonstrate the basic properties
of the proposed numerical scheme.
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Non-negative moment-fitting quadrature rules for
high-order fictitious domain methods
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Fictitious domain methods have recently gained more attention because of their
favorable properties to conduct design-through analysis. This concept aims at creating more efficient designs thanks to a tight relationship between CAD and analysis.
Such strategies require a seamless transition between geometrical representation and
analysis. Thanks to their ability to use unfitted meshes, fictitious domain methods
are one possible mean to tend to this objective. In addition, high-order extensions
of these methods have allowed to improve dramatically their accuracy. The main
difficulty shared by all fictitious domain methods lies in the cost and accuracy of
the integration of the weak form, as meshing difficulties are transferred to the integration process. In this context, several strategies have been proposed in order
to maintain a sufficient geometrical accuracy while keeping integration affordable.
Moment fitting approaches for instance, enable to setup efficient ad-hoc quadrature
rules with a very good accuracy. The main difficulty with these approaches arises
from the non-positivity of the quadrature weights that can lead to stability issues
in the nonlinear setting.
The main objective of this contribution is to propose an approach that leads to
non-negative moment fitting quadrature rules, and assess its performance (accuracy,
positivity) with respect to usual moment-fitting methods. The proposed approach
is based on the resolution of a constrained least square problem that guarantees
positivity of the resulting quadrature weights. An adaptive strategy is proposed
in order to ensure that a solution to this problem exists. Basic verifications and
small-strain elasto-plastic computations demonstrate the efficiency of the proposed
method.
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Structural analysis of domains defined by point clouds
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Mesh generation has always been a challenge for classical high-order finite element
analysis. Especially volumetric structures where no dimensional reduction holds
and a fully three-dimensional meshing must be carried out are often non-trivial to
discretize. This is partially due to the fact that a geometric model, which forms
the basis for the usually boundary conforming discretization, must form a valid
body. This, in turn, implicates that B-Rep models must describe an orientable
manifold without boundaries. While it is already an challenge to guarantee this
for complex CAD models in engineering practice, the subsequent step of a boundary conforming mesh generation is also surely non-trivial. To this end, a possible
remedy [1] is offered by the finite cell method [2]. Nevertheless, the analysis of volumetric structures which possess a mathematically not well defined volume is still
a challenge. It is, therefore, interesting to note that the requirements for a computational mechanical analysis of volumetric structures with not well defined volumes
can actually be further lowered. Yet, the computational results may still exhibit
accuracies of higher order. In this presentation the possibility of a direct structural
analysis of domains defined by point clouds will be discussed [3] in the sense that
no conversion into a valid surface model is necessary. This is convenient because
point clouds may easily be obtained by laser scanners, or even pictures taken by cell
phone cameras, for example, suffice. The presented approach is also based on the
finite cell method since it requires only inside-outside information from the geometric model. It is shown that oriented point clouds provide sufficient information for
these point-membership classifications. Two-dimensional linear elastic benchmark
examples demonstrate that the method is able to provide the same accuracy as those
computed with conventional, continuous surface descriptions. Additionally, we will
discuss several aspects of this methodology including the imposition of boundary
conditions. We will present three-dimensional examples computed on point clouds
of historical structures to show that the method can be employed for a truly seamless
connection between digital shape measurement techniques and numerical analysis.
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Friday 31th
VEMs - Basic ideas and recent developments
F. Brezzia
a
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(Very) roughly speaking, Virtual Element Methods (introduced around 2013) are
Galerkin approximations using finite dimensional spaces built on decompositions (of
the computational domain) into polygonal or polyhedral elements of VERY GENERAL shape.
Inside each element, the VEM spaces contain all polynomials of a certain degree, plus other smooth functions that are never computed explicitly (whence their
“Virtual” aspect).
The talk, in the beginning, will briefly recall the basic features of Virtual Element
Methods, and the range of applications that have been introduced so far (at the
speaker’s knowledge).
Then some flashes on more recent developments will be presented, including
Serendipity-like VEMs, and VEMs tailored for specific problems (e.g. Stokes, Elasticity, Magnetostatics) and VEMs on generalized polygons with curved edges (the
“last toy”).
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High order matrix-valued finite element spaces
J. Schöberla
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We discuss matrix-valued finite element spaces with normal-normal, normaltangential and tangential-tangential continuity. We show applications for all of
these spaces in solid and fluid mechanics. The spaces fit into a complex, which is
helpful to construct high order finite element spaces. Numerical examples within
NGSolve are presented.
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Reduced Order Methods for PDEs: state of the art and
perspectives with applications in Computational Fluid
Mechanics
G. Rozzaa
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We provide the state of the art of Reduced Order Methods (ROM) for parametric
Partial Differential Equations (PDEs), and we focus on some perspectives in their
current trends and developments, with a special interest in parametric problems
arising in Computational Fluid Dynamics (CFD). Efficient parametrisations (random inputs, geometry, physics) are very important to be able to properly address
an offline-online decoupling of the computational procedures and to allow competitive performances. Current ROM developments in CFD include: a better use of
stable high fidelity methods, considering also spectral element method and finite volume discretisations; efficient sampling techniques to reduce the number of the basis
functions, retained as snapshots, as well as the dimension of online systems; the improvements of the certification of accuracy based on residual based error bounds and
of the stability factors, as well as the the guarantee of the stability of the approximation. For nonlinear systems, also the investigation on bifurcations of parametric
solutions are crucial and they may be obtained by a reduced eigenvalue analysis of
the linearised operator. All the previous aspects are crucial to analyse in real time
complex parametric industrial, environmental and biomedical flow problems. We
will focus on some benchmarks, including fluid-structure interaction problems, flow
control and shape optimization.
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On Different Mass Lumping Techniques for High Order
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Even today the solution of transient problems and especially the simulation of wave
propagation phenomena remains a somewhat challenging task due to the required
fine spatial and temporal discretizations. In order to reduce the numerical costs,
high order finite elements are often employed for the spatial discretization, while an
explicit time integration scheme, such as the central difference method, is favored
concerning the temporal one. This combination is very promising with respect to the
efficiency regarding both computational time and memory requirements. However,
to fully exploit the advantages of an explicit time integrator the mass matrix has
to be constructed in diagonal form. This diagonalization of the mass matrix on the
element level is commonly referred to as mass lumping procedure. In the present
contribution, our main objective is to investigate different mass lumping schemes
which are suitable for the family of serendipity finite elements and also for spectral
elements. To this end, a detailed analysis of the row-sum, nodal quadrature, diagonal scaling, and manifold-based methods is given. That is to say, the performance
of these methods for h- and p-refinements is studied and compared to the theoretical predictions. Moreover, it is proven that in the context of the spectral element
method equivalence conditions showing the identity between the nodal quadrature
method and the row-sum or diagonal scaling approaches, respectively, can be theoretically derived. If certain conditions related to the distribution of mass and the
element distortion hold true, we demonstrate that the computed mass matrices are
identical, and so are the simulation results. In general, it is important to note that
mass lumping is only applicable to nodal shape functions. Considering modal or
hierarchic shape functions, a diagonal mass matrix is physically meaningless and
leads to an impaired convergence of the results, and therefore such approaches are
not discussed herein. In the present contribution, all properties of the mentioned
methods are discussed, and their performance is assessed on the basis of several
benchmark examples. Guidelines on the recommended use of each method are then
derived from the numerical results.
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Spectral element methods (SEM) are known for their increased efficiency compared to classical finite element methods (FEM) in the context of structural dynamic
simulations. In the classical SEM, the mass matrix is diagonal due to a special combination of the set of shape functions and the quadrature rule. This makes the
solution of the linear system arising in simulations with explicit time integration
trivial. Further, the accuracy of the SEM is p times better than that of the FEM,
where p is the polynomial order of the shape functions. Drawing on the fact that
the SEM exhibits phase lag while the FEM exhibits phase lead, a blended scheme
is introduced in [1] as the optimally blended spectral element method (BSEM). It
may show a convergence order that is increased by two compared to the classical
methods.
We apply the BSEM to linear and nonlinear structural dynamic benchmark
problems. All methods are considered in their h- and p-version. Special emphasis
is put on the quadrature rule. While the rule applied to compute the mass matrix
defines the method, different choices are considered for the stiffness matrix.
The investigation of the numerical behavior of the methods paves the way for
their applications to engineering problems. As part of a joined project we consider
the fluid-structure interaction of marine propellers [2]. While the fluid problem
is solved using a boundary element method based on potential flow theory, the
structural problem is solved using the investigated spectral methods.
Acknowledgment: The authors gratefully acknowledge the support provided
by the DFG (German Science Foundation - Deutsche Forschungsgemeinschaft) under
the grant numbers AB 112/12-1 and DU 405/13-1.
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Fast Domain Decomposition solvers for Isogeometric
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Isogeometric analysis is a powerful technique to make numerical simulations in complex geometries. Using domain decomposition methods, the global prob- lem can be
split into several smaller problems, one for each patch that forms the computational
domain. In this work we focus on non-overlapping domain de- composition methods
and we introduce a modification of the saddle-point for- mulation of FETI method,
that we name duplicate boundary-FETI, that allows us to use the fast diagonalization method as the base for building an efficient pre- conditioning strategy. The
preconditioners presented are robust with respect to the spline degree p and in practice have a computational cost that is indepen- dent of p and negligible with respect
to the matrix-vector operations. We present numerical benchmarks that show the
good performance of the proposed strategy.
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The fast assembling of stiffness and mass matrices is a key issue in isogeometric analysis, particularly if the spline degree is increased. The poster presents a
novel global variant of sum factorisation that improves the computational complexity compared to the standard per-element sum factorisation. If applied to Gauss
quadrature with this approach the computational complexity grows as pd+2 instead
of p2d+1 as previously achieved.
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The Multiscale Finite Element Method (MsFEM) [1,2] is an upscaling approach
that we use for elasticity problems. Recently, we have combined it with the discontinuous Petrov-Galerkin methodology (DPG) [3] because the latter one, besides the
other advantages, guarantees the optimal convergence rate for mixed formulations
and offers an accurate error estimate. The key part of the MsFEM upscaling is
a construction of the macro to micro scale grid prolongation operator that similarly as for the multigrid iterative solvers for heterogeneous materials [4] has to be
constructed by the solution of certain auxiliary local boundary value problems.
We have proposed and tested a strategy for constructing such a prolongation
operator when the ultra-weak formulation with optimal broken test functions is
used. The operator consists of three parts corresponding to the transformation
of the optimal test variables, the field trial variables, and the traces of the field
variables. All of them are approximated by polynomials of higher order.
Preliminary numerical results for deformations of heterogeneous elastic bodies
confirmed the correctness of the new prolongation operator as well as the expected
profits of the proposed coupling of the MsFEM upscaling and the DPG methodology.
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The virtual element method (VEM) is a recent generalization of the finite element method (FEM) that can handle globally continuous discretizations on polygonal/polyhedral meshes [1]. We introduce an extension of this technology to hp-type
approximations where the local mesh size h and the local polynomial degree p are
refined simultaneously to achieve a more efficient approximation [2].
As a model problem we consider the two-dimensional Poisson problem on a
polygonal domain having solutions with typical isolated radial corner singularities.
We construct H 1 -conforming hp-VEM approximations on a priori geometrically refined meshes and prove that the energy norm error converges exponentially fast to
zero and reaches the order O(exp(−bN 1/3 )), where N is the number of degrees of
freedom in the hp-VEM space [3]. In the case of the vanishing volume source term
(i.e. the Laplace equation) we show that the number of degrees of freedom can be
reduced without compromising on the accuracy of the approximation, so that the
energy norm error achieves the order O(exp(−bN 1/2 )). This approach utilized locally harmonic basis functions and is termed “the harmonic VEM” [4]. Our results
demonstrate that hp-VEM achieves the same a priori convergence estimates as the
hp-FEM in the analogous setting.
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The Isogeometric B-Rep analysis of shells reduces the gap between geometric design and numerical analysis, allowing for computations on the exact geometry [1].
However, accurate simulations require a proper handling of trimmed surfaces. Moreover, small geometric features or localized mechanical responses demand for higher
discretization accuracy in selected areas.
In this work we show how Kirchhoff-Love shell analysis can be performed efficiently by combining local refinement techniques together with immersed boundary
methods. In particular, we use Hierarchical B-Splines to locally refine the mesh in an
effective, yet simple way. This is combined with the Finite Cell Method (FCM) [2] to
capture the trimmed geometry. High accuracy is achieved by employing conforming
integration domains [3], without distorting the element shape.
In conclusion, we show how these methodologies can create a powerful tool for
the integration of design and analysis of B-Rep shell models.
Keywords: Isogeometric Analysis, shell, B-Rep, trimming, local refinement,
hierarchical B- Splines.
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Isogeometric Collocation in the Context of Fluid-Structure
Interaction
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The introduction of isogeometric analysis (IGA) [1], made it possible to directly
exploit the favorable geometric properties of NURBS for numerical analysis. The
method has become wide-spread in structural mechanics. However, parametrizing
complex three-dimenional domains - as needed for CFD - using closed volume splines
can be challenging. NURBS- enhanced finite elements (NEFEM) [2] can be a viable
alternative. Both methods together lead to a geometrically compatible coupling
interface for FSI. Within a partitioned FSI method, it was demonstrated that the
neccessary projection methods simplify due to the matching geometry; while at the
same time increasing accuracy [3]. In the current work, we present two extensions of
the approach. On the one hand, we focus on problems involving enclosed domains.
In these problems, accurate geometric representation can be beneficial. On the
other hand, the projection scheme is extended towards the usage of isogeometric
collocation [4] on the structural side.
Keywords: Fluid-Structure Interaction, Spline-based Methods.
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In this poster, we focus on a preconditioning strategy for a space-time isogeometric discretization of the heat equation. We consider the weak formulation of [2]
and we adopt smooth splines in space and time, which makes the numerical method
inherently global. Exploiting the tensor product structure of the basis functions, we
propose a preconditioner that is the sum of Kronecker products.
The fast diagonalization method is an efficient solver that has recently revealed
to be an efficient part of a preconditioning strategy for a least-squares formulation
of the heat equation (see [1]). With our lower order formulation, we can not use
the fast diagonalization approach straightforwardly, as the first order derivative (in
time) with initial condition does not admit a stable diagonalization. We circumvent
this difficulty in [3] by introducing an ad-hoc factorization of the time-dependent
matrices involved which allows to design a solver conceptually similar to the fast
diagonalization, with similar computational cost and robust with respect to the
spline degree.
The computational times required for the application of the preconditioning
strategy, for a serial execution, are almost proportional to the number of degreesof-freedom and independent of the polynomial degree. Furthermore, this approach
is also suitable to parallelization.
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Prostate cancer is a major health burden among aging men worldwide, with high
rates of incidence and mortality. Benign prostatic hyperplasia (BPH) is another
urogenital condition of the prostate in ageing men, which often coexists with prostate
cancer. BPH causes the prostate to gradually enlarge over time, which may induce
bothersome lower urinary tract symptoms. Recent pathological studies have shown
that prostatic tumors growing in larger prostates tend to present more favorable
clinical features. This suggests that large prostates may exert a protective effect
against prostate cancer, but the underlying mechanisms are largely unknown. We
propose a mechanical explanation for this phenomenon. The mechanical stress fields
created by growing solid tumors are known to exert an inhibitory effect on their
dynamics. Prostate enlargement due to BPH and the confinement of the organ in the
pelvic region contribute to these mechanical stress fields, hence further restraining
prostate cancer growth. To explore this hypothesis, we run a simulation study using
a mechanically-coupled organ-scale computational model of prostate cancer growth
over the actual anatomy of a patient’s prostate with coexisting tumor and BPH.
We leverage isogeometric analysis (IGA) to handle the nonlinearities in the model,
the complex anatomy of the prostate, and the intricate tumor morphologies. IGA
also enables the pointwise computation of mechanical stress fields. Our simulations
show that a history of benign prostatic enlargement creates mechanical stress fields
that impede prostate cancer growth. These results suggest major changes in the
clinical management of BPH and prostate cancer to account for this mechanical
interaction. The computational technology developed in this study may also assist
physicians to improve diagnosis and predict pathological outcomes of both diseases
on an organ-scale, patient-specific basis.
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Isogeometric collocation (IGA-C) is a new computational method proposed in
[1] that combines the computational attributes of isogeometric analysis (IGA) [2],
such as high-order accuracy, robustness and geometric capabilities with the low computational cost of collocation. Issues related to numerical quadrature in IGA are
completely removed since IGA-C is based on the discretization of the strong form of
the differential problem. Moreover, the method requires only one evaluation point
per degree of freedom, regardless of the approximation degree, resulting in a higher
efficiency compared to Galerkin-based IGA. Despite being a relatively new technology, IGA-C has been successfully applied to several structural problems. Starting
from the basis recently laid in [3, 4], where static formulations were proposed, in the
present contribution we discuss the extension of the method to the dynamic problem
of geometrically nonlinear three-dimensional Timoshenko beams.
The kinematic description of a spatial Timoshenko beam undergoing finite rotations involves the Lie group SO(3). Most of the computational complexities originate
from the presence of such a non-additive and non-commutative rotation group which
makes geometric consistency a fundamental requirement for the formulation. By employing the incremental rotation vector to describe the evolution of finite rotations,
we discuss how in an IGA-C framework geometric consistency can be guaranteed in
all the key operations (i.e. linearization of the governing equations, initialization and
update procedures) for both explicit [5] and implicit [6] Newmark-based schemes.
Numerical examples are also presented to assess the capabilities of the formulations.
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I. Páczelta and B. Szabó
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The formulation of a system of hierarchic models for the simulation of the mechanical response of slender elastic bodies, such as elastic rods, is considered. For
a comprehensive essay on the theory of rods we refer to Antman [1]. Reference [2]
addresses classical and advanced theories for beams. The present work is concerned
with aspects of implementation and reference solutions.
Beginning with a simple technical rod model, one can continue with Timoshenko’s and Reddy’s model taking shear deformation into account. By progressively augmenting higher modes of deformation, a sequence of models is created,
the limit of which is the fully 3D model of linear elasticity. This work addresses
a finite element formulation based on the principle of minimum potential energy.
The displacements fields are represented by the product of one-dimensional field
functions and two-dimensional director functions. The director functions are polynomials. The field functions are approximated by the p-version of the finite element
method [3]. It is assumed that the displacements and deformations are small and
the material is linearly elastic. The centerline of the curved rod is a helix. Displacements, strains and stresses are defined in the curvilinear local coordinate system.
From these equations the equations for cantilever beams and curvilinear plate beams
can be readily obtained. A hierarchic sequence of six models have been implemented.
Numerical examples are presented to illustrate the performance characteristics
of the algorithm. We observe the realization of the stress boundary conditions.
3D solutions were obtained using the StressCheck finite element program [4]. With
increasing the hierarchic level the results converge to the solution of the 3D problem.
Acknowledgment: The present research was partially supported by the Hungarian Academy of Sciences, by the grant National Research, Development and
Innovation Office - NKFIH: K115701.
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joint work with L. Siwik, M. Loś, A. Klusek and W. Dzwinel.
In this presentation, we show that it is possible to obtain reliable prognoses about
cancer dynamics by creating the supermodel of cancer, which consists of several
coupled instances (the sub-models) of a generic cancer model, developed with isogeometric analysis [1,2]. Its integration with real data can be achieved by employing
a prediction/correction learning scheme focused on fitting several values of coupling
coefficients between sub-models, instead of matching scores (even hundreds) of tumor model parameters as it is in the classical data adaptation techniques. We show
that the isogeometric analysis is a proper tool to develop a generic computer model of
cancer, which can be used as a computational framework for developing high-quality
supermodels. The latent fine-grained tumor features e.g. microscopic processes and
other unpredictable events accompanying its proliferation not included in the model,
are hidden in incoming real data.
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This work presents an isogeometric computational approach for stress determination of laminated com- posites, taking advantage of the accuracy and high-regularity
properties of isogeometric analysis (IgA) [1] to build an accurate equilibrium-based
stress recovery procedure [2]. Focusing on laminated plates, the proposed simulation
strategy models the composite as a 3D solid via isogeometric computations using
only one element through the thickness and a layer-wise integration rule or a homogenized ap- proach. This guarantees an accurate approximation of the in-plane
response. To recover also an accurate out-of-plane stress state, equilibrium is imposed in strong form as a post-processing correction step, which requires the shape
functions to be highly continuous. This continuity demand is fully granted by isogeometric analysis properties, and results, in the context of both IgA-Collocation and
IgA-Galerkin methods, show a very good performance of the proposed technique
particularly for increasing values of length-to-thickness plate ratio and number of
layers. Preliminary results that extend this procedure to the curved 3D case and to
bivariate Kirchhoff plates will also be discussed.
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Sparse grids have been proposed in the early 90’s in the context of finite differences (FD) / finite elements (FE) methods to reduce the “curse of dimensionality
effect”, i.e., the fact that the number of degrees of freedom (DoF) of the approximation grows exponentially in the number of dimensions of the problem.
Roughly speaking, the sparse-grid construction consists in recasting the construction of conventional FE/FD methods in a hierarchical fashion and suitably discarding the components which carry the least amount of information. Under suitable
regularity assumptions (slightly more demanding than the usual Sobolev spaces)
sparse grids are then able to deliver approximations with essentially the same accuracy of conventional FE/FD methods (i.e., up to a logarithmic factor appearing in
the error estimates), using however a much lower number of DoF. Furthermore, the
sparse-grid solution can be computed as a linear combination of standard FE/FD
solutions on relatively coarse grids (the so-called “combination technique”): this implies that sparse grids can be implemented quite straightforwardly reusing existing
solvers and leads to a very natural parallelization of the computation. In this poster
we detail the application of the sparse-grid technology to the h-refined version of the
classical IGA method and show some numerical tests that will highlight how sparse
IGA performs compared to the classical ‘full tensor” counterpart.
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The hp-version finite elements (FE) based on the three-field, dual-mixed (DM),
non-symmetric stress-based variational formulation yield an indefinite linear algebraic equation system. These structural FEs give robust computational results,
however the numerical solution of the obtained system of equation can be a numerically expensive process. To circumvent this drawback, a new vector variable is
defined at the element interfaces. Thus, the effective stiffness matrix of the mixed
FE can be inverted elementwise at cheap computational cost. In this case we obtain
a hybrid version of the three-field DM weak form with a bit larger number of degrees
of freedom.
Based on this hybrid-mixed variational formulation, a new, dimensionally reduced, general axisymmetric hp-shell-FE is presented for the boundary value problems (BVP) of elastic shells of revolution. The related hp-shell-FE is tested through
some representative BVPs for bending- and membrane-dominated situations of hyperboloid shell. These numerical tests prove the membrane- and shear locking-free
property of the presented hp-shell-FE.
Besides, a nice feature of the shell formulation is that the shear- and membrane
stress distributions normal to the shell mid-surface are quadratic, as well as the latter
one and the through-the-thickness variation are not eliminated. This follows from
a consistent dimensional reduction process, i.e., this can not be considered as any
modification or improvement of existing shell theories. Additionally, the traction
vectors are defined separately on the inner and outer surfaces of the shell. Finally,
the DM hp-shell-FE is compared to the three-dimensional solid FE (ADINA) for
moderately thick spherical shell in the context of the normal stress distribution to
the shell mid-surface. This shows very good agreement, verifying the advantage of
the presented systematic dimensional reduction even for thick shells as well, in the
aspect of this shell theory.
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When simulating the stress state of solids, most real-life structures reveal stress
concentrations or singularities at small geometric features or reentrant corners.
These local phenomena pose two problems: first, the high stresses commonly initiate
failure, and second, most numerical methods only poorly capture the exact value
in these sub-domains. One method that has prooven to yield exponential convergence for these kind of applications is the hp-version of the finite element method.
Despite the resulting advantages, hp-fem is not prevalent in today’s engineering
practice. This has to be partially attributed to the problem of hanging nodes, which
yields a high complexity of the method’s formulation and implementation.
The recently introduced multi-level hp-concept reduces this complexity by dropping the conventional refine-by-replacement idea in favor of a refine-by-superposition
approach, cf [1]. The essential idea of this alternative concept is to refine a coarse
base discretization by superposing a fine, high-order overlay mesh in domains of
interest. This alternative hp-formulation fully circumvents the problem of hanging
nodes since the global continuity can be ensured by applying homogeneous Dirichlet conditions on the boundary of the overlay mesh. Different publications have
demonstrated the applicability of this approach in various domains. However, in its
current form, the method is only formulated for isotropic refinement of quadrilateral
and hexahedral elements. For the efficient simulation of real-life structures, this is
not sufficient.
The current work aims at bridging this gap by extending the superposition idea
to an-isotropic refinement and to other element types. To this end, the approach
is conceptually re-orientated to allow for different refinement directions and an extended refinement history while keeping the simplicity of treating hanging nodes.
At the same time, this rework is used to decrease the support of the shape functions
to lower the number of non-zeros in the final system matrix.
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